Convex Optimization

Lecture 1: Unconstrained Optimization
for Differentiable Functions
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Overview about the Course

Syllabus

@ Optimization for Unconstrained Differentiable Functions (2)
® Linear Programming

® Introduction (2)

O Simplex (4)

® Degenerated and Two-phase Simplex (2)

® Duality (2)
©® Quadratic Optimization

® Introduction (2)

® Convex Set (2)

® Convex Function and Convex Problem (3)
® Lagrange Multiplier and KKT (2)

® Dual of Lagrangian (2)

O Portfolio Problem (2)
@ Support Vector Machine (2)
O Integer Programming (2)
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Overview about the Course

Assessment

© Assignment (10%)
® Coding
® Manual calc. exercises

@® Attendence (10%)
©® Middle exam (30%)

O Final exam (50%)
Score = 0.1x ZAssignment,- 4 0.1x Attend. + 0.3xmid + 0.5x final

1

® No cheating!
® No bargaining!
® No chatGPT!
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Overview about the Course

Covered Topics

e Optimization: seek for an optimal solution for a defined objective
function

¢ Under/without constraints
Linear Programming

Conve Quadratic Programming

Differentiable Optimiz- Others

Integer Programming
Descrete Optimiz. 4 Dynamic Programming

Others
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Overview about the Course

Nothing happens in the universe that does not have a
sense of either certain maximum or minimum.

—Leonhard Euler (1707 — 1783)
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Outline _

Overview about the Course

© Optimization for Unconstrained Differentiable Problems

Maximum/Minimum by Gradient Descent Method

Solving Equation by Newton's Method-I

Minimization by Newton's Method-I|
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Optimization for Unconstrained Differentiable Problems

Derivatives on Function of Vector Variable

® Given f(x) = ax1 + bxz, x = [x1, %] " € R?

® Take partial derivative on f(x), we have

If(x)
8X1 =
of(x) _

8X2 _b

® The gradient of f(x) is [a, b]T or [a, b] depending on the context
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Optimization for Unconstrained Differentiable Problems

Extreme Values of Univariat Function (1-1)

® Find out the inscribed rectangular of an ellipse that holds maximum

area

Xy

Wan-Lei Zhao DS February 20, 2026
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Optimization for Unconstrained Differentiable Problems

Extreme Values of Univariat Function (1-2)

® Find out the maximum point of the area function A(x)

O A(x) =4xx*xbx/(1—x2/a%)
@ A(x)=0
1 syms a, b, x;

2 A = 4xbxxx (1l - x°2/a"2)"°(1/2)
3 dA = diff (A, x)

4 solve (4xb* (1 — x°2/a”2)°0.5 — (4xb*x"2)/(a"2x(1l - x°2/a~2)"°0.5)==0, x)
. _ \2a . __\/2a
® Answer: x = ¥£2, viz arg max, A(x) = %32

o Max(A(x)) = 2*a*b
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Optimization for Unconstrained Differentiable Problems

Extreme Values of multi-variable Function without
Constraint (2-1)

e Given function:
f(x,y) = x>—y*+3x*+3y?—9x (1)

® Calculate its Hessian matrix
o (x,y) O (xy)

_ Ox? Ox0y
H=1 offCy) 0Py (2)
Dy Ox 9y2
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Optimization for Unconstrained Differentiable Problems
Extreme Values of multi-variable Function without
Constraint (2-1)

I (x,y) O (xy)
_ 0x?2 Ox0
H=1 off(ey)  0f0cy) ]
dydx Dy?
I
| 6x+6 0
H= [ 0 66y ]
(8

| H |= (6x + 6)(—6y + 6) — 0 = —36xy — 36y +36x +36  (3)
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Optimization for Unconstrained Differentiable Problems

Extreme Values of multi-variable Function without
Constraint (2-2)

e Given function:
_ .3 3 2 2
f(x,y)=x>—y>+3x“+ 3y~ — 9x

{ OMxy) —3x2 4 6x—9=0,=x=—-3,1

X
Bf?;}/) — —y2+6y=0,:>y=0,2

a="fu | |Hx,y)|=a-c—b | f Ext.

X1y

310 -12 -72 27 | uncertain
312 -12 72 31 | Ext. large
110 6 72 -5 | Ext. small
112 6 -72 -1 | uncertain
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Overview about the Course

Optimization for Unconstrained Differentiable Problems
© Maximum/Minimum by Gradient Descent Method

Solving Equation by Newton's Method-I

Minimization by Newton's Method-I|
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Why Gradient Descent?

® In practice, it is very hard to solve out a complex function

flx,y)=x-3xy?

&
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Why Gradient Descent? _
® Given f(x, y)

® \We want to find its minimum value

DA
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g(x)=2x>+3x* —12x + 7 !

® Given g(x), tangent at x is
defined as:

f(x) = &'(x0)(x — x0) +8(x0) .

L L L L L L
-3 -2 -1 0 1 2 3

Figure: g(x) is curve in blue, tangent of
g(x) at x=-1 is curve in red.
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/Mini by Gradient Descent Method

The gradient descent procedure

® Given we are going to find the minimum of f(x), x € RY

® The learning rate is «

@ Initialize(x)

® Repeat
P xT =x—af(x)
® x=x"

® Once we reaches the extreme, f'(x) =0

® The procedure converges

Wan-Lei Zhao DS February 20, 2026
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/Mini by Gradient Descent Method

Why Gradient Descent? (1)

Given f(x), x € R?, f'(x0) = 2

® \We want to find its extreme value

According to Taylor expansion f(x) = f(xp) + (x — x0)f’(x0)

f(x) =~ f(x0) + (x — x0)f (x0)

According to the above figure, we have
f(x) = f(x0) — f'(x0)Ax

Wan-Lei Zhao DS February 20, 2026
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/Mini by Gradient Descent Method

Why Gradient Descent? (2)

e F(x) = f(x0) + (x — x0)F'(x0)
f(x) = f(x0) — f'(x0)Ax

(x)

|

1

|

0

|

I

1 |

| |
|

\
FPT VI NqeTa
M AN X3
x

® Combining Eqn. 5 and Eqn. 6, we have

f(x0)+(x — x0)f' (x0) = f(x0) — f'(x0)Ax
=x = xg — Ax

® Given « is the stepsize, Ax = a-f'(xp), we have
x =xp — a-f'(x) (7)
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® Moreover, § — 0, x drops the steepest

f(x0)+(x — x0)f' (x0) = f(x0) — f'(x0)Ax
=x = xg — Ax
=x = xg — af'(x)

Wan-Lei Zhao DS February 20, 2026
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10

O Initialize(x)

@ Repeat
P xT =x—af(x)
P x=x"

Wan-Lei Zhao DS February 20, 2026
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/Mini by Gradient Descent Method

Why Gradient Ascent? (1)

® Given we want to find the maximum of f(x), x € R9

f(x) =f(x0) + (x — x0)f'(x0)
f(x) =f(xo)+f (x0)Ax

Wan-Lei Zhao DS February 20, 2026
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Why Gradient Ascent? (2)

f(x) =f(x0) + (x — x0)f'(x0)
f(x) =f(xo)+f (x0)Ax

¢

x = xp + af'(xo)

(6)
o F

DA
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O Initialize(x)

@ Repeat
P xT =x+af(x)
® x=x"
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Minimum found by Gradient Descent (1
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Fx,y)=x2%y3 +3%y? + 2% xxy +x+3;

(7)

[m] = = =

DA
February 20, 2026 26 /45



F(x,y) =x®%y> + 3%y + 2% xxy +x+3
Grad(f) =[2xx+y> + 2%y + 1,35 x° xy> + 6%y +2x x|
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Maxi /Mini by Gradient Descent Method

/

Minimum found by Gradient Descent (3)

® Given learning rate o = 0.00005

O 00 N OO W N

e e i < ==
W N O O W N E O

1r = 0.00005;
Xy = rand(2,1);
iter = 0;

while iter < 500
xy = xy + lrxdf(xy)’;
iter = iter+l;

end

function [fvall=f (xy)

x =xy(l); y = xy(2);

fval = x.72%y. 343xy. 2+2%x.xy+x+3;
end

function [dx, dy]l=df (xy)
x  =xy(l); y = xy(2);
dx = 2xx.*xy. 3+2xy+1;
dy = 3*x.72.%y. 2+6xy+2*x;
end

Wan-Lei Zhao DS February 20, 2026
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/Mini by Gradient Descent Method

Gradient with Momentum

® In order to speed up the convergence, or enhance the stability of
gradient descent

® Gradient with Momentum is introduced

X1 = X¢ — af’(x) Ver1 = Bve — af’(x)

Xt4+1 = Xt + Vi41
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/Mini by Gradient Descent Method

Adaptive moment (Adam) Optimizer

® Adaptive moment estimation performs pretty well®

® Widely adopted in various deep learning tasks

&t = f'(x)

my= PBrme1+(1—P1)g
ve= Bovee1+ (1 — B2)g?
My = mq/(1 - Bf)

Ve = ve/(1— B3)

Xt = Xt—1 —Oéfﬁt/(\/VTt-l-G)

f1=0.9,5 =0.999,¢e = le — 8, = 0.002

LADAM: A Method for Stochastic Optimization, Diederik P. Kingma, Jimmy Lei Ba,
ICLR 2015
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Adam Optimizer vs. SGD
02 T T T
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Outline _

Overview about the Course

Optimization for Unconstrained Differentiable Problems

Maximum/Minimum by Gradient Descent Method

@ Solving Equation by Newton's Method-

Minimization by Newton's Method-I|
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Solving Equation by Newton’s Method-1

The motivation

® We want to solve f(x) = 0, for instance e — x?> +3x+4 =10

® |t is a little bit complicated

f(x)

60

50 -

40 1

30

20

101

0

S0 b

20k

-30

-4 -3 -2 -1 0 1 2 3 4

X

® We can solve it by an iterative procedure

® Which is known as Newton method

Wan-Lei Zhao
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Solving Equation by Newton’s Method-1

How it works? (1)

® We want to solve f(x) = 0, for instance eX — x?> +3x +4 =10

® |t is a little bit complicated

A

(%, f(x0))

y=rf()

\

B R

/Xn+1

® Given we are at (xp, f(x,)), we wan to move to (Xp+1, f(Xn+1)),

)1
® which is closer to f(x) =0
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Solving Equation by Newton’s Method-1

How it works? (2)

® The tangent line at (x,, f(xs)) is given as y = f'(x,)x + b
¢ Since this line passes through (xp, f(xs))
® We have y = f'(xp)-(x — xn) + f(xn)

® We can easily find out its intersect point with x-axis

Y =F () (x — xa) + F(x0) !

Y20 £ (x)(x — xn) + F(xn)

_ Xpf'(xn) — F(xn) y=1
—X = f’(Xn)
f(xn)
X Tm f’(Xn)
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Solving Equation by Newton’s Method-1

How it works? (3)

y =f'(xn)-(x = xa) 4 f(xn)

Y20 £ (x)(x — xn) + F(xn)

f! — y=f(x

e X' (xn) — F(xn) 700
f'(xn)
_ f(xn)
T )

& X =X, — % is the next iteration step

® The iteration continues until f(x,) reaches to 0
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Solving Equation by Newton’s Method-1

The Newton's method procedure

D X, =%

® Repeat
@ Xpn+1 = Xn — ff/(())(;)) =1
D xp = Xpp1

© Until f(x,) close to 0

(Xn, f(x5))

2kl

\
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Solving Equation by Newton’s Method-1

Practice with Newton's method (1)

e Solve e — x2+3x+4=0

60

50 -

40 1

30

201

f(x)

101

0

“10F

20k

-30

o fi(x)=e"—2x+3
® Notice that f(x) is defined by ourselves
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Solving Equation by Newton’s Method-1

Practice with Newton's method (2)

o f(x) =& —x®+3x+4
° fl(x)=e"—2x+3

1 function [x] = newtonsolve ()
2 xn = 6;

3 fval = 8;

4 while fval > 0.001 do

5 fval = f(xn);

6 dfval =df (xn);

7 Xp = xn - fval/dfval;
8 Xn = Xp;

9 end

10 X = xXn;

11 end

12

13 function [fval]=f (x)

14 fval=exp(x) - x. 2+3xx + 4;
15 end

16

17 function [dfval]=df (x)

18 dfval=exp (x)-2*x+3;

19 end
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Minimization by Newton’s Method-I1

The Motivation

® Given a twice differentiable function: f : R—R
® We have following minimization problem

min £(x) (8)

® We want to construct a sequence {xx} based on initial guess xg
® They allow f(xg) > f(x1) > -+ f(xx) > -+ > f(x*)

® Each time, we are going to search the minimum value within the
neighborhood of x

® So that we jump to the local minimum, namely xx41
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Minimization by Newton’s Method-I1

How it works? (1)

® Given we are at xi, t is a small value

® Then we expand f(xx) by Taylor expansion

f(Xk =+ t) ~ f(Xk) + f/(Xk)t + %f”(xk)tz (9)

The next location x¢11 is defined to minimize f(-), xk+1 = xx + t

Given f”(xy) is positive, the minimum exists, and we can find it by

0= %(f(xk) + (X )t + %f”(xk)tQ) — F(xe) + F(xe)t
f'(x)

TR

(10)
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Minimization by Newton’s Method-I1

How it works? (2)

ok + ) % ) + ()t + 5 () (11)

® The next location x;41 is defined to minimize (), xk41 = xx + ¢t

e Given f”(xy) is positive, the minimum exists, and we can find it by

0= < (F0) + ()t + 27" (5)2) = ) + 7 (xe)t

=t= —:/I,(();)) (12)

® Since xx11 = Xk + t, we have

Xk+1 = Xk — :/I/(();)) (13)
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Minimization by Newton’s Method-I1

The Newton's method procedure for minimization

O X = X0 i
® Repeat o5,

_ MEN) > of
@ Xk+1 = Xk — 77 (%)

O Xk = Xie41
© Until | f(xk) — f(xk41) | is close to 0
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Minimization by Newton’s Method-I1

Extend Newton's method to Multiple Dimension Cases

Given a twice differentiable function: f : R"—R

We have following minimization problem

erewi_?n f(x) (14)

The Hessian matrix for f(x) is defined as H¢(x) € RI*9
X1 = Xk — He(x) 71 (x) (15)

For stableness, we also introduce the step size « for the iteration
-1
Xka1 = Xk — aHe(x) 71 (x) (16)
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